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■ Abstract 

^ \ We construct time-dependent wave operators for Schrodinger equations with long-range 

' potentials on a manifold M with asymptotically conic structure. We use the two space 

scattering theory formalism, and a reference operator on a space of the form R x dM, where 
dM is the boundary of M at infinity. We construct exact solutions to the Hamilton- Jacobi 
equation on the reference system R x dM, and prove the existence of the modified wave 
operators. 

1 Introduction 

q . 

In this paper, we show the existence of wave operators for the Schodinger equations with 

■ long-range potentials on scattering manifolds, which have asymptotically conic structure at 
infinity (see Melrose IfToTl about scattering manifolds). We employ the formulation of Ito- 
Nakamura lfT3l . which uses the two-space scattering framework of Kato lfl4l . Following 
Hormander ifTOl and Dereziriski and Gerard flU, we construct exact solutions to the Hamilton- 
Jacobi equation and show the existence of the modified two-space wave operators using the 
stationary phase method. 

Let M be an n-dimensional smooth non-compact manifold such that M is decomposed to 
Mc UMoo, where Mq is relatively compact, and M x is diffeomorphic to R + x dM with a compact 
manifold dM. We fix an identification map: 

l : Moo — >R+xdM3 (r,0). 

We suppose M c PlMoo C (0, 1/2) x dM under this identification. We also suppose that dM is 
equipped with a measure H(0)d0 where H{9) is a smooth positive density . 

Let {(j) x : Ux -> IR" -1 }, U% C dM, be a local coordinate system of dM. We set {$% : R + x 
f/^-flx R n ~ 1 } to be a local coordinate system of Moo = M + x dM, and we denote (r, 6) e 
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RxR" 1 to represent a point in M x . We suppose G(x) is a smooth positive density on M such 
that 

G(x)dx = r n - l H(d)drdd on (i,oo) x <9M C M„, 

and we set 

^ = L 2 (M,G(x)Jjc). 
Let Pq be a formally self-adjoint second order elliptic operator on Jf? of the form: 

where ai,a2, and a?, are real- valued smooth tensors. 
Assumption 1. For any I G Z+, a e Z," -1 , ?/zere w Q a swc/z f/za? 

|a^ e %-(r,e)|<q, a r-^H 

on Moo, where \lj > 0. Afote ?/za? we Mse ?/ze coordinate system in described above. 

We will construct a time-dependent scattering theory for Po + V on J4? where V is a potential. 

Definition 2. Lez^. > 0. A finite rank differential operatorV s of the formV s = a V z 5 a (r, 0)<9/<9g 
on Moo is said to be a short range perturbation of fls type if for every /, a the coefficient Vj S a is 
a Lj oc tensor and satisfies 

[ \V l s a (x)\ 2 (r)- M G(x)dx<oo 
for some M, and almost every (po, &o) G R x dM has a neighborhood ft>p 0) e such that 

f°°( I \V l s a (tp,9)\ 2 dpH(e)dG) l/2 t^dt< oo. 

h J(p,e)eco PoA) ' 

Lef /i£ > 0. V L is called a long-range smooth potential ifV L is a real-valued C°° function 
with support in M^, and satisfies for any indices /, a, 

\DiD%V L (r,e)\<C jM r-^. 

A differential operator V on M is called an admissible long-range perturbation of Pq ifV 
is of the form V = V s + V L where V s is a short range perturbation of /is type and V L is a 
long-range smooth potential and 

e = Hi = H2 = Hl>0. ^3 = 0, ji s =\-e. 

Example 1. If V s = V s (r, 9) is a multiplication operator and | V 5 (r, G) \ < Cr^ 1 ^ 71 , r\ > 0, then 
V s satisfies the short-range condition above. 

If V s = E|a|=i V$dff and |v£(r, 0) | < Cr^-^-n ^ > q, then V s satisfies the short-range 
condition above. As the order of the derivative with respect to 0-variable increases, we need 
more rapid decay conditions on the coefficients. 



1 INTRODUCTION 



3 



Remark 2. If V s is a smooth function, then Pq + V is essentially self-adjoint. More generally, 
if V s is at most second-order differential operator with "small" smooth coefficients, then V s 
is ZVbounded with relateve bound less than one, and Pq + V is essentially self-adjoint. In this 
paper, we assume that Pq + V is essentially self-adjoint on suitable domains (see Theorem [3]) 
and do not investigate the conditions of self-adjointness. 

Remark 3. If we assume dM is equipped with a positive (2, 0)-tensor h = for some 

£>0, 



\d l r d%{a^d)-h{d))\<C La r- £ -\ 



and V s = 0, then Pq + V has a self-adjoint extension H and corresponds (via a unitary equiv- 
alence) to the Laplacian on Riemannian manifolds with asymptotically conic structure. Since 
£ > 0, our model includes the scattering metric of long-range type described in lfT2l . Thus our 
results are generalizations of ifTSl . 



We prepare a reference system as follows: 



1 d 2 



M f = RxdM, J^f = L z {M f ,H(e)drde), P f = ---^onM f 

Note that Pf is essentially self-adjoint on C^(My), and we denote the unique self-adjoint exten- 
sion by the same symbol. Let j(r) G C°°(M) be a real-valued function such that j(r) = 1 if r > 1 
and j(r) = if r < 1/2. We define the identification operator J : fflf — >• Jrif by 

(Ju)(r,6) = r-( n - l V 2 j(r)u(r,e) if (r,0)GM oo 

and Ju{x) = if x ^ M x , where u € J^. We denote the Fourier transform with respect to 
r- variable by &\ 



/oo 
e _,>p w(r, 0)dr, for u G C^{M f ). 
-oo 



We decompose the reference Hilbert space Mf as Jfy = © J$y , where are defined 
by 

je f + = {u G JT|supp(^w) C [0,oo) x dM}, 
3X?f = {u G jr|supp(J p «) C (-~,0] x dM}. 

We use the following notation throughout the paper: For x G M, we write 



l+r/(r) for xG Moo, 
1 forxGM c . 



We state our main theorem. 

Theorem 3. Let V = V L + V s be an admissible long-range perturbation of Pq, and V is sym- 
metric on J^~ l C^{Mf), and Pq + V has a self adjoint extension H. Let S(t,p,G) be a solution 
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to the Hamilton- Jacobi equation which is constructed in Theorem \1J} Then the modified wave 
operators 



exist, and are partial isometries from Jrfy into Jf? intertwining H and Pf 
e isII Q.± = Q ± e isP f. 

We refer Reed and Simon [|20l . Dereziriski and Gerard f4|, and Yafaev ll22ll for general con- 
cepts of wave operators and scattering theory for Schodinger equations. We here briefly review 
the history of wave operators. The concept of wave operator was introduced by M0ller IfTTll . 
The existence of wave operators has long been studied (see Cook [2] and Kuroda lfT5lO for short 
range potentials, which decay faster than the Coulomb potential. For the Coulomb potential, it 
was proved by Dollard B51[6l that the wave operators do not exist unless the definition is mod- 
ified. Dollard introduced the concept of the modified wave operators s-\im t ^± 00 e ltH e~' s ( t ' Dx \ 
Buslaev-Mateev [1J showed the existence of modified wave operators by using stationary phase 
method and by employing an approximate solution to the Hamilton-Jacobi equation as a modi- 
fier function S(t, ^). Hormander [10] constructed exact solutions to the Hamilton-Jacobi equa- 
tion (see also [ 1 1 1 vol. IV). 

The spectral properties of Laplace operators on a class of non-compact manifolds were 
studied by Froese, Hislop and Perry (H and Donnelly using the Mourre theory (see, 
the original paper Mourre Ifflfl . and Perry, Sigal, and Simon |fT9l ). In early 1990s, Melrose 
introduced a new framework of scattering theory on a class of Riemannian manifolds with met- 
rics called scattering metrics (see lfT6l and references therein), and showed that the absolute 
scattering matrix, which is defined through the asymptotic expansion of generalized eigenfunc- 
tions, is a Fourier integral operator. Vasy [21 J studied Laplace operators on such manifolds with 
long-range potentials of Coulomb type decay ( |V(r, 6)\ < Cr -1 ). 

Ito and Nakamura |[T3Tl studied a time-dependent scattering theory for 
Schrodinger operators on scattering manifolds. They used the two-space scattering framework 
of Kato |[T4ll with a simple reference operator D^/l on a space of the form M x dM, where dM 
is the boundary of the scattering manifold M. 

We employ the formulation of Ito and Nakamura lfT3l . and consider general long-range 
metric perturbations and potential perturbations. We assume that the scalar potential decay as 



We make some remarks along with the outline of the proof. The time- 
dependent modifier function S(V,p, 9) is not uniquely determined. Our choice is a solution to 
the Hamilton-Jacobi equation on the reference manifold K x dM with the long-range potential 



£2± = s-Mme ttU Je 



iS(t,D n G) 



t— >-±°o 



V(r,0)| <Cr E ,£ >0. 



yL. 




(1) 



for large t and for every p in any fixed compact set of R \ {0}, where h is the corresponding 
classical Hamiltonian. We choose p and 6 as variables of S because p and components of the 
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classical trajectories have limits as t goes to infinity. The time-dependent modifier e~ s ( t,Dr,e "> 
is a Fourier multiplier in r-variable for each 6 and we only need to consider the 1 -dimensional 
Fourier transform with respect to r-variable. We construct solutions to the Hamilton-Jacobi 
equation mainly following J. Derezihski and C. Gerard flU. 

In Section I2.1[ we consider the boundary value problem for Newton equation on Rx dM 
with time-dependent slowly-decaying forces, which decay in time (Definition |4j. In Theorem 
[51 we construct solutions and show several estimates. We use an integral equation and Banach's 
contraction mapping theorem (Proposition [/J refer Derezihski [3] and Section 1.5 of flU). hi the 
definition of slowly-decaying forces (Definition [4]) and the function spaces (Definition [6]), we 
assume different decaying rates on different variables r, 0,p, and 0). These are efficiently used 
to show Proposition!?! We observe that the classical trajectories will stay in outgoing (incoming 
) regions as t — > +°°(— °°). 

In Section I2.2[ we consider Newton equations with time-independent long-range forces 
which decay in space (Definition [8]) in appropriate outgoing (incoming) regions. By inserting 
time-dependent cut-off functions, we introduce an effective time-dependent force and reduce 
the time-independent problem to the time-dependent one (Theorem [9]). Our model (the Hamil- 
tonian flow induced by the classical Hamiltonian) turns out to fit into this framework (Lemma 
ITTb . These tricks are also used in [4] for Hamiltonians with long-range potentials on Euclidean 
spaces. 

Finally, in Section l2~3l in Theorem PT3l we construct exact solutions to the Hamilton-Jacobi 
equation, using the classical trajectories with their dependence on initial data. Here we use the 
idea by Hormandor IfTOll . see also Section 2.7 of flU. We show that these solutions with their 
derivatives satisfy "good estimates", which are used to show the existence of the modifiers. 
Once we obtain a suitable modifier 5(?,p,0), we can show the existence of modified wave 
operators through stationary phase method (Section [3]). 

Using the Cook-Kuroda method (see Cook [0, and Kuroda lfT5lO and 
1 -dimensional Fourier transform, we deduce the proof of the main theorem to estimates of the 
integral (PropositionPT4l): 

/d S dS d S 

[h(r,e,p,-^(t,p,e))-h(—(t,p,e),e,p,-^(t, P ,e))} 

■e irp -' s(t > p > e) u(p,9)dp. 

In Section[3l we apply the stationary phase method (Hormander IfTTll Section 7.7). In the asymp- 
totic expansion of the above integral, the terms in which h is not differentiated vanish since the 
equation r = dS/dp holds at the stationary points. To show the uniformly boundedness of 
constants which appear in the asymptotic expansions of the integral, we construct diffeomor- 
phisms in small neighborhoods of the stationary points which transform the phase function into 
quadratic forms there (Lemma IT31). In the constructions of these diffeomorphisms, we use the 
estimates on the modifier function S. 

Notations We use the following notation throughout the paper. Let t G R and s be a param- 
eter. We write f(t,s) G g(s)0((t}~ m ) if f{t,s) < Cg(s){t)~ m uniformly for t and s. We denote 
f(t,s) G g(s)o(t°) if lim^oo/M/sC*) = 0. 
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2 Classical mechanics 

In this section, we study classical trajectories and solutions to the Hamilton- Jacobi equation. 

2.1 Classical trajectories with slowly-decaying time-dependent force 

Let (r, 0,p, co) G r*(R x and consider the Newton's equation: 

(f,6,p,cb)(t) = (p+F r ,F g ,Fp,F (0 )(t,(r,0,p,Co)(t)) (2) 

where 

F = F(t,r,6,p,co) = (F r ,F e ,F p ,F (0 )(t,r,e,p,co) 
is a time-dependent force. Let e > and £ = j£. 

Definition 4. A time-dependent force F is said to be slow-decaying ifF satisfies 

sup \dffidkdH{F r ,F e ,F p ,F a )(t)\ G 0{(t)-+f«> a *>P)) (3) 

(r,p,0,co)er*(RxR"- 1 ) 

wZzere 

n r (Z, oc,/c,/3) = m(Z, oc, A: -f- 1, j8), /i0(Z, oc,/c,/3) = ra(Z, a,/c,/3 

«p(Z, oc,/c,/3) = m(/+ 1, a,/c,/3), n ffl (Z, oc,/c,/3) = m(Z, a + e,-,/c,/3), 

m(Z, a, 0,0) = Z + £, m(Z,a, 1,0) =Z + £, m(Z, a, 2,0) = Z + £, (4) 

m(Z,a,0,e,) = /+ 1 +£, m(l,a, l,e,-) = Z + l + £, m(/,a,0,e, + e 7 ) = Z + 2, 

m(Z, a, it, JS) = +<*>, z/ Ifc+|JB|>3, 

z, j = 1, • ■ ■ ,n — 1, an J e ; - = (0, • • • , 1,0, • • • ,0) G Z'^T 1 z's zTze canonical unit vector, i.e., every 
component of ei is except i-th component. 

In the next theorem, we show the unique existence of trajectories for the dynamics © where 
the boundary conditions are the initial position and the final momentum. 

Theorem 5. Assume thatF is a time-dependent slowly-decaying force in the sense of Definition 
@ Then there exists T such that if T < t\ < t 2 < °° and (r,-, 6f, P f, ft)/) 6T(lx R" -1 ), there 
exists a unique trajectory 

[h,t 2 ] 9m (r,6,p,G))(s,ti,t2,r i ,6f,pf,C0i) 

satisfying 

d s (r,0,p,G))(s,ti,t2, r u 6 f , p f , ft> ; ) 

= (p+Fr,Fe,Fp,F a )(s,(r,e,p,6b)(s,t h t2,ri,ef,pf,C0i)), 
(r,Cd)(ti,t h t2,ri,Gf,p f ,C0i) = (r,-,a%), (0,p)(s,ti,t 2 ,r i ,e f ,p f ,co i ) = (9 f ,p f ). 
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We set r(s) , (s) , p (5) , CO (5) Z?;y 



r(j) = f (j) - r< - (5 - ?!) P/ , = 0(s) - Of, 
p(s) = p(s)-p f , co(s) = cb(s) - (Oj. 

Moreover the solution satisfies the following estimates uniformly for 
T <h<s<h<oo, (r u 8 f , p f , (Oi) gT(Rx 



an— 1 v 



\r( s )\eo( s °)\s- tl \, \e(s)\eO(s-~ £ ), 
|p(5)|GO(5- g ), \a{s)\eo{J*)\s-ti\ 1 -* 

( d n r(s) d Qf r{s) d Pf r(s) d ai r(s) \ 

d n 6(s) de f 0(s) d Pf 0(s) d ai 6(s 

d n p(s) d 0f p(s) d Pf p(s) d aj p_{s 

\ d n o)(s) d 9f a(s) d Pf a(s) d ai a(s) ) 

( 0(^)1^-^1 \ 
0(1) 
0(s e 



;'i i l \ i l \ J? 



\o{ S Q )\s-h\ l -~* J 

( T \ ( o(*°)|j-fl| \ 



a n°9 a p a G> 




P 

\ ® / 



0(1) 

o(*- e ) 



f -/-|j8| 



(5) 



(6) 



(7) 



Here <8> w an owfer product and © means, for example, d n r(s) G 0(5'°) |j — ?i |?j 1 e , and 

^)eO(l)^. 

A straightforward computation shows that (r,6_,p,a)(s) satisfies the following integral 
equation: 



(r,0,p,e£(s) = (Pr,Pe,Pp,Pco)(L,e,p,a)(s) := (8) 

/ f t \(p(u) +F r (u,ri+(u-t l )p f + r(u),6f + 6(u) 1 pf + p(u),CQ i + a(u)))du \ 

— fl 2 (Fq (u,ri + (u — ti)pf + r(u) ,Qf + Q(u),pf + p[u) , co, + (o{u)))du 

- fl 1 (F p (u, 77 + (u - h)p f + r(u) , 6 f + 9(u), p f + p(u), C0j + a>(u)))du 

V It\(Fm{u,n + (u-ti)pf + r(u),df + 0(u),pf + p^u),O)i + m(u)))du J 

where the map P = (P r ,Pg,Pp,Pco) depends on the parameters t\^r^ Qf,pf, (Oi- We will apply 
the fixed point theorem to solve ©. We define the Banach space on which the map P is defined 
as follows: 

Definition 6. For m>0, we define 

Z? := {z G C([7») : sup-^L < <*>}, := {z G Z? : Ik J^L = }. 
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For m < 0, we define 

(t) 



Z??:={zeC([r,oo)):sup^<oo}. 



We define 

-4 il := Z° x Z- g x Z/-J}. 

Then we have the following Proposition: 

Proposition 7. For large enough T > 0, the map P is a contraction map on 

Z tl ' ' ' for any T < t\ < ?2 < °°, (n, 0f,pf, CO/) G T'*(R x IR ). Indeed, for some constant 

c which does not depend on t\,t2, QfiPfi Oh) ^ ^ w /save 

||V,PW|I / L0.-M-A <C< 1. (9) 



1 — £ 1— £ 

Proof. We first note that P is well defined as a map of Z f ' ' ' into itself. Indeed, for 
example, if x = (r,d_,p,(Q) G Z fl ' '~ e ' ~ e , 

< / \(p(u)+F r (u,ri + (s-h)pf + r(u),0f + 0(u),pf + p(u),(Oi + a(u)))\du 
Jt\ — — 

< f \C{u)~~ £ + C(u)~ £ \du, 

which implies P r (x)(s) G Zj loo . Others are similar to prove. 

Now we check that Pisa contraction on Z f ' ' ' .It suffices to show (|9J for some constant 
c which does not depend on t\,t2, (n, #/,P/, CO/) but 7. Let v G Z/ iOQ . Then 

\s — t\\~ (V r Pr(x)v)(s) < \s — t\\~ / ||V r F r (M,-)||oo|« — ?i|||v|| z i <iw 

— I^llz 1 J t \s — h\~ l \u — t\\(u)~ l ~ £ du. 

If we let T — V oo, the right hand side goes to zero uniformly for T < t\ < t2 < °°. Moreover, the 
right hand side goes to zero as s — > °°. Hence taking T large enough, we may assure that 

!I v ^ILb(z/ 1i00 ) < c < 1 

for some constant c for any T < t\ < to < 00 and for any (r,-, 0f,p/, CO/) G P*(R x M" _1 ). In a 
similar way, we can show that for some large enough T, © holds for any T < t\ < t2 < 00 and 
for any (r u 6 f ,p f , CO/) ef(fx IR' 1-1 ). □ 



Proof of Theorem \5\. The fixed point theorem together with Proposition [7] implies that there 



exists a unique solution (r,0_,p,co)(s) G Z t ' ' e ' 8 for the integral equation ® for each T < 
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t!<t 2 <°° and (r u 6f,p f , ©;) ET*(Rx R n ~ l 
directly means ©. 

Let us now prove ©. We use the identity 



if T is large enough. (r,0,p, ©) (5) GZ' A g ' ! e 



(I-V x P(x))d?(x) = hV=(hlhl,h Y p ,hl) 



(10) 



/ £(VFO(u,y)d r (y-*)<fo ^ 
-J?(yFo)(u,y)dr(y-x)du 
-f/(VF p )(u,y)dr( y -x)du 

where d Y = d, n 3q p d pp or d 0j , x = (r.^p.co) is the solution of ©, and y = (r, + (w — ?i)p/ + 
r(w), 0y + 0_(u),pf + p(u), 0)i + 0)(u)). By a straight computation we have 

(^,^ l ^,^)e(^>- 1 - 8 ,<«i>- 8 ,<«i>- 8 ,<«i>- 1 K ,0 '" e,1 " g . 

© implies that /— V x F(x) is invertible on Z t ' '~ e ' ~ £ . Using (PTOl) . we get 



(d n x, Bq^x, dpjX, d ai x) G Z^' ' e ' e , 



and 



||(a ri x,a 0f x,a Pf x,^x)|Li,o,-g,i- g GO((?i) 1 e ,(?i) g ,(?i) g ,(?i) 1 ), 



which implies ©. 

Now we prove © by an induction. Assume that d r — d^dgdidg,, 1 + \oc\ +k+ |jS| = n > 2, 
and © is true for / + | oc| + + |/3 1 < n — 1. We use the identity 

(7-V x P(x))^(x) = ^= (hj,hl,h r p ,hl) (11) 

- //' L q >2(V q Fe)(u,y)dHy)dHy) ■ ■ ■ d*(y)du 

\ i: i U>2^ q Fo ) )^y)dHy)dHy)---dHy)du J 

where the sum is taken over 7= Y. q p=l Y p ,q > 2. The induction hypothesis with a straig 
computation shows that 



ht 



rl,0,-e,l-e 



Thus we have 

||a r x|| zl , ,- g ,i- g e ((?i>-H^I), 



which implies ©. 



□ 
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2.2 Classical trajectories with long-range time-independent force 



We denote the outgoing region by q. 



X 



nn— 1' 



:r>R,0e U,pEJ,\(d\ < Qr 1 e } 



for R > 0, U C M"- 1 ,7 cK,g>0. 

We now consider the dynamics with time-independent long-range forces. 

Definition 8. A time-independent force F is said to be a long-range force if it satisfies 

sup |^^^(F,, J P , J P p ,F co )(r,0,p,co)| G 0{{Ry nr - 6pAUam ) (12) 

for anyR>Q,U m W 1 ' 1 , J d (0,°o), Q > 0. 

As in Theorem [5} we show the unique existence of trajectories for the dynamics where the 
boundary conditions are the initial position and the final momentum. 

Theorem 9. Assume that F is a time-independent long-range force in the sense of Definition^ 
Then for any open U <s U (1 R n , open J (1 J (1 (0,°°), and Q > 0, there exists R > such that 
for any t > and for any (r ; , 9f, pf, (Oi) G ^^ifj q, there exists a unique trajectory 

[0,t}3s^(r,e,p,&)(s,t,ri,e f ,p f ,c0i) 
satisfying 

d s (r,e,p,a})(s,t,r i ,e f ,pf,(O i ) = (p +Fr,F e ,Fp,F (o )((r,0,p,a>)(s,t,r i ,0 f ,pf,G)i)) (13) 
(r,G))(0,t,r h ef,p f ,G)i) = (r^coi), (6,p)(t,t, ri , f ,p f , mi) = (0/,p/), 
and the estimates 

|r(5)|Go((j + (r < »°)M, |0(s)|GO((, + (r ; ))- e ), (14) 
|p(,)|GO((, + (r i ))- g ), |«(,)|G0((,+ (r ; ))°)|5| 1 - g , 

and 

9 (s, t, r u Of, p f , (Oi) eU, p (s, t, r h f , p f , (%) G J 

where 

r(s) = r(s)-n-sp f , 9(s) = e(s)-9f 
p{s) =p(s)- pf, (o(s) = (b(s)- (Oi. 

Moreover the solution satisfies the following estimates uniformly 
for < s < t < oo, (r h 6f,p f , (Oi) G T Q : 

I d n r(s) d 9f r(s) d pf r(s) d ai r(s) \ 

d n 6(s) d Of 0(s) d Pf e(s) d ai 6(s) 

d n p(s) d 0f p(s) d Pf p{s) d ai p_{s) 

\ d n m(s) de f a(s) d Pf a(s) d ai a(s) J 

( o((j+<r/»°)M \ 



0(1) 
0((s + ( ri ))-- £ ) 
Vo((, + (r i ))°)|,| 1 - g / 
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r .o e a p a a 



( L \ 


P 

V » / 



/ o((,+ (r ; ))°)|5-r 1 | \ 
0(1) 

Vo((, + (r ; ))°)|,-r 1 | 1 - g / 



(rt) 



-l-\p\ 



Proof. There exists Co such that if p G J and r > 0, then 

|r+(j-fi)p|>C (|j-fi|+r). (15) 
We fix constants £q, <2, £\ such that 

0<£ <C , 2>4^g, 0<ei<^2(Co-eo) 1 " e , 

and introduce cut-off functions I r ,lQ,I p ,IcQ as follows. We take I r G C°°(0,°°) such that 7 r = 1 
on a neighborhood of {r;r > C - £ }, h G Cq (IR' 1_1 ) such that 7 e = 1 on £/, 7 p G ^(0,°°) 



such that 7 p = 1 on 7, and I a G C^ 



on— 1' 



such that 7 ffl = 1 on a neighborhood of {ft) : |ft)| < <2}. 



Using these cut-off functions, we define the effective time-dependent force F e by 

r CO 
F e (t, r, 0,p, CO) = I r {-)Ie{e)I P {p)Im{-^)F{r, 0,p, co). 

It follows from (fT2l) that F e (t, r, 0,p, co) is a slowly-decaying force in the sense of Definition 
HI Therefore, we can find T such that the boundary value problem considered in Theorem \5\ 
possesses a unique solution for any T < t\ < t% and any r,, 0/,P/, COj. Let us denote this solution 
by 

(r e , e ,p e , G) e )(s,h,t2,ru 6f,p f , ft),-). 
By enlarging T if needed, we can guarantee that 



\r e (s, h,t 2 , n, 0/, p f , cot) - n - (s - h)p f \ < £q\s - h \ , 
\e e (s,t h t2,ri, 8f,p f , COj) - 0/| < dist(t/,f7 c ) 
\p e (5,ti,t2,r h Bf,pf t ClH)-Pf\ < dist(7,7 c ) 
\&e(s,ti,t 2 ,ri,6f,pf,aH)-(Oi\ < £i|s-?i| 1_£ . 



(16) 



(17) 



We claim that if i? = T(Co — £o)/Co and (r,-, 0y, py, ft),) G r^fj g, then we can solve our 
boundary problem by setting 



(f , 0, p, ft)) (s , f , rf, 0/, p/, cot) := (r e , e , p e , <0 e ) (r + 5, r, r + 1 , r,-, 0/, py, ft)/) 

where r = \ti\Cq/ (Co — e). Indeed, from (fT5l) . (PT61) . and (fT71) we see that 

|r e (r + j,r,r + f,rj,0/,p/,fi%)| > (C -£ )\s + r\, 
6 e (r + s,r,r + t, r u 0/, p f , ft)/) G t?, 
p e (r + s , r, r + 1 , r/, 0y, p/, ft)/) G J, 



(18) 
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and 

\cQ e (r + s,r,r + t,rj,6f,pf,(0j)\ < £\ \s\ l ~~ E + (O t < £\ \s\ 1_e + Qr\~~ e 

<eM l -~ e + Q^^Y-^-~ e <m-^) l - l \s + r\^ 

< Q\r e (r + s, r, r + 1, r u O f , p f , gh) | 1 ~ e . 

Hence we have 

F e (r + s, (r e , B e , p e , G) e ) (r + s, r, r + 1 , r,-, 0/, pf, COj)) 
= F((r e , B e , p e , (be) (r + s,r,r + t, n, B f , pf, ft),-)). 

Therefore the function (TT8T) solves the boundary problem dT~3l) with the initial time-independent 
force. 

The estimates on (r,B,p,(b)(s,t,rj, Bf,pf, (0 ; ) are obtained directly from 
those of Theorem [5] using the identity (PT8l) and replacing s,t\,t2 there 
bys + (r,),(r,),f+(r,}. 

Finally, the uniqueness of the solution comes from the fact that any solution of (PT3T) with 
(TBI) is also a solution of the problem considered in Theorem [5] for the force F e (t,r, B,p, (O) if 
time t is large enough. 

□ 

Now we solve the dynamics with initial conditions. 

Theorem 10. Assume F is a time-independent long-range force in the sense of Definition \8\ 
Then for any open U <s U d R n , open J (1 J (1 (0, °°), and 2 > 0, there exists R > swc/i f«af 
/or any (ro, Bq, po, ft>o) G ^^ifj q, there exists a unique trajectory 

[0,oo) 3 s^ (r,B,p,cb)(s, r , B , p ,coo) 
satisfying 

d s (r,B,p,a})(s,r ,B ,po,coo) = (p +F r ,F e ,F p ,F a) )((f, B,p, a>)(s, r , B ,po, (Oq)), 
(r,B,p,a})(0,r ,Bo,p ,(Oo) = (r ,B ,p ,(Oo). 

Set 

r(s) = r(s)-r -sp , B(s) = B(s) - B , 
p(s)= p(s)-p , a(s) = &(s) - (Oq. 

Moreover the solution satisfies the following estimates uniformly for < s < t < °°, 
(r ,B ,po,0)o) E r^ /fi : 

B(s,r ,Bo,p ,coo) E U, p(s,r ,B ,po,COo) e J, 
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r(*)|Go((j + (ft,» )M, |0(,)|GO(((r o ))- g ), 

p( S )\EO(((r ))-% |a)( s )|eo((,+ (r ))°)|,| 1 - g , 

/ d ro r(s) d 0Q r(s) d po r(s) d^s) \ 

d Go O(s) d po 0(s) da^Ois) 

d ro p(s) de p(s) d po p(s) doQpis) 

\ d ro a(s) d di) a(s) d Po a(s) ^©(s) / 

/ o(( S +(r ))>| \ 



0(1) 

((ro))-~ £ 
Vo((, + (r ))°)|,| 1 - g J 



{{T*)- l ^M)*M)*MT l )> 



d r d 6 {) d p d oX) 



( L \ / o((j+<n,»°)| J -fi| \ 

£ p 0(1) 

P ((re))- 6 

\ eo / Vo((5 + (ro)) )k-^i| 1 - e J 



(ro) 



-i-m 



Proof. Let (r, 0,p, ft)) be the solutions in Theorem [9] with f = °o: 

[0,oo] 9^ (r,e,p,&)(s,oo,n,0f,pf,ciii), 

d s (r, , p , ©) (j, oo, r/, 0/, p/, ft)/) 

= (p+F r ,F e ,F p ,F C0 )((r,e,p,S))(s,oo, rh e f ,pf, a*) ) , 

(f.SjfOjOo.ri.e/.p/,^) = (ri,fl$), (0,^(00,00,^,0/^/, 0%) = (0/,p/). 

Set 

(r , O , po, QJo) (r/, 0/, p/, ft)/) : = (r, 0, p, ft)) (0, », r ,-, 0/, p/, ft)/) . 
It is clear that 

(ro, (Oo)(n, 0/,p/, Of) = (r/, ft)/). 
Theorem [9] assures the following estimates: 

|0 o (r/,0 / ,p / ,ft./)-0 / |GO((r ; )- e ), |po(r/,0 / ,p / ,ft. ; )-p / |GO((r ; )- e ), 



d ri (9o-d f ) d 0f (6o-6f) d p f (% -Of) ^(00-0/) 
dn(Po-pf) h f ifiQ-pf) dpf(Po-pf) dcoiipo-pf) 
0(1) 



((fl)- 1 - 8 ,^)" 8 ,^)- 8 ,^)- 1 )- 



(19) 



By taking R large enough, we can assure that the map (ro, 0o,po, COo) (n, 0/,p/, £0/) is injective. 
Let (r/, 0/,p,-, ft)/)(ro, 0o,Po, G>o) be the inverse function. We will show that 



{r,0,p,a>)(s,r ,e ,po,CO( ) ) := (r,0,p,&)(s,°o, (r h 0/,p/, ft>/)(r , o ,po, G*))) 
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gives the desired function. (IT9T ) implies 

d ro (o f -o ) d eQ (e f -e ) d Po (o f -e ) <(0/-0 o ) 

dro(Pf-po) d 6o (p f -p ) d po (p f -po) daaifif-po) 

^((n)- 1 - 6 ,^}- 6 ,^)- 6 ,^}- 1 ). (20) 



Moreover, it is easy to see that 



a^aa*^ f /" 00 W ° ((ro) } ^ (21) 
20]) and (1271) shows the desired estimates. □ 



2.3 Solutions to the Hamilton- Jacobi equation 

We state a lemma which relates the hamiltonian h with the time-independent force F. 
Lemma 11. Let 

1 , - 

h(r,6,p,(0) = -p z +h( ri d 7 p,CO) 

h(r, 0,p, ft)) = ^ai(r, 0)p 2 + ^-a J 2 p(Oj + ^a^ k C0jQ) k + V L (r, 0). 
Assume 

\d l r dgaj(r,0)\<C l>a r-^- 1 , \DlD a e V L {r,9)\ < Cjr'^ , 

with 

Mi = M2 = Ml = e > 0, ju 3 = 0. 
Then for any U m M. n ~ l , J mR, and Q> 0, 

sup |^ e o ^(*)(r,0,p,Q))| G 0((/?>-^'^«). (22) 

(r,e, P ,£o)er s +f ye 

TTizs immediately implies that setting 

(F r ,FQ,Fp,F a ) = (d p h, d a h, -d r h, -d e h), (23) 
we have (PT2l) . i.e., /i defines a long-range time-independent force via (1231) . 

Combining Theorem [lOl and Lemma ITTT we obtain solutions to the Hamilton-Jacobi equa- 
tion: 
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Theorem 12. Let h,h be as in Lemma 177] For any UmUm M n -\fm J m (0,°°), c j>a > 0, 
there exists T > swc/z if a smooth function y/(p, 9) defined on J xU satisfies 

\d^{ W {p,e)- l -s P 2 )\<C Ua {s)'-~ e (24) 

for some s > T, then there exists a unique function S(?,p, 6) defined on a region C (0,°°) x 
(0,o°) x ( which will be defined in the proof ), with D (0,°°) x / x U, satifying the 

Hamilton- J acobi equation: 

(d t s)(t,p,e) = h((d p s)(p,e),e,p,-(d e s)(p,e)) 

with the initial value 

s(o,p,e) = xj/(p,e). 

Moreover the function S satisfies the following estimates: 

| d J p d$ (S(t,p, 6) - l -tp 2 ) | < C j>a (t) l ~ £ . (25) 
Proof. Let 

[0,oo) 3t ^ (r,0,p,w)(/ 1 ,ro,0o,Po,^) 
be the unique trajectory of the Hamilton equations with initial value problem as in the Theorem 

Sol 

d t (r,e,p,a))(t, r ,Oo,po,(Oo) = (p+F r ,F e ,F p ,F (a )((r,d,p,G))(t,ro,Oo,po,(ao)), 
{r,6,p, <y)(O,r o ,0o,Po,G>o) = (ro, 0o,Po, fflo), 

for (ro, 0o, Po, coo) G q, where we took R > such that 

{((a p V/)(p o ,0o),0o,Po,-(^e^)(Po,0o)) : (flo,Po) e^xyjcr^. 

Set 

(r,0,p,Q))(f;po,eo) := {?, 0,p, S))(t, (d p \i/)(po, O ), o ,Po, -(d e y)(po, Go))- 
and consider the map 

(po,6>o)^(p,6>)(?;po,0o) (26) 

and its first derivatives. We set := {(t, (p, d)(t; P o, Bq))\(j)q, do) G J x [/}. By a straight com- 
putation, we obtain 



d(p,6)(t,p ,e ) ( i o 



^(Po,0o) V° 1 



c(,)- £ . 
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where C depends on Cy a and not on the choice of ty/ as long as i// satisfies (1241) for some 5. We 
fix a large enough T > so that for any i>Iwe have 

d(p,e)(t,p ,e Q ) f i o\ 
<?(p ,e ) V° 1 ; 

Now (12751) becomes an injective map for every t > 0. We denote its inverse by 

(p,e)^(po,e )(*;p,e). 

Let 

2(?;po,0o) 

= V/(po,0o)+/ [/i((r,0,p,fi))(«;pofiJo) 
Jo 

+(r(f;p , 6 ),(d u p)(u;p,0)} - {co(t;p , ),(d u 6)(u;p,6)}}du. 
Then the function 

S(f,P,e) = G(*;(Po,flo)(f;p,0)) 

defined on is the desired solution to the Hamilton-Jacobi equation (see, for example, flU 
Appendix A.3). Moreover 

(dpS)(t,p,e) = r(t;po(t,p,e),e (t,p,e)), 
-(d s)(t,p,e) = a}(t;p (t,p,e),e (t,p,e)). 

The derivatives of S(?,p, 6) 

d/,d^d t (s(t,p,e)- 1 -tp 2 ) = d/ > dfh(d p s(t,p,e),e,p-d e s(t,p,0)) 

is a summation of the terms of the type 

(dldPdftlh)(d p s(t,p,o),e,p-d e (t,p,e))x 

l a n-l Yd i o 

Y[d$dl\d p s){t, P ,e) x[lIl^? J (-V)('.P.e)), 

i=l d=\ j=\ 

which belongs to O «f > -^(^^ Ar) +^+( 1 -g) I rl ) c 0((t)- £ ). This shows (ESt)- 

□ 

Finally we extend S(/, p, 0) to a globally defined function onlx (0, °°) x <9M which satisfies 
the same kind of estimates locally. 

Theorem 13. Let h, h be as in Lemma [771 defined on T*~R x T*dM. Then there exists a function 
S(t, p, 0) defined on T*R x T*dM such that for every J <e R\ {0}, there exists T > sac/z ?/z<3? 
?/ze Hamilton-Jacobi equation: 

(d t s)(t,p,e) = h((d p s)(p,e),e,p,-(d e s)(p,e)) (27) 

is satisfied for t > \T\, p G J, and 6 G dM. Moreover the function S satisfies the following 
estimates: 

\tfdjf{S(t,p,0)-±t P 2 )\<C Ji a{t) 1 - e . (28) 
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Proof. First note that since dM is compact and the Hamilton-Jacobi equation is defined in a 
coordinate invariant manner, we can extend U in the Theorem [121 to dM. It is sufficient to 
consider the case 7 d (0,°°) and t > T, since we can extend the function 5 in a C°°-fashion. 
Take a sequence of open sets in (0, °°) such that 

oo 

J mJi <e7 2 <s7 3 d |J/n = (0,°o). 

First we solve the Cauchy problem for the Hamilton-equation with initial data 

1 9 

S(t,p,6) = -tp when p e J\,t = T\ > 

for a big enough T\ by Theorem [T2l with U replaced by dM. We denote the solution by S\. We 
can assume that S\ is defined on (7i,°°) x 7 x dM. Si also satisfies (1251) for p £ J\ and ? > 7i. 

Next we take #i e C^(7i) equal to 1 in a neighborhood of 7o (the closure of 7o). We solve 
the Cauchy Problem with initial data 

S(t,p,0) =XiSi + (1-Xi)^P 2 when peJ 2l t = T 2 . 

By taking T 2 > T\ large enough, the right hand side satisfies the conditions for T 2 in Theorem 
[T2l So we can solve the Cauchy Problem for such T 2 . We denote the solution by S 2 . 

Repeating this procedure, we obtain a sequence S n of functions and a sequence T\ < T 2 < . . . 
such that S n is defined on J n x [7„,°°) x dM, 

S n+ i = S m for m > n + 1 on J n x [7 m ,°o) x 

and satisfies (1251) . Thus by extending in a C°° fashion, we can construct a C°° function S which 
satisfies (1271) . and (1251) for large enough f and p in any fixed compact subset of (0,°°). 

□ 

3 Proof of Theorem SI 

In this section, we give the proof of Theorem [3j First we give the outline of the proof. 

Outline of the Proof. We consider the t — > +°° case. By the density argument, it is sufficient 
to show the existence of the norm limit 

lim e ltH Je-' s ^% 

for all u G Cq ((R \ {0}) x U x ) for all A . For such u, we have 

l e -itHd [e Mj e -is(t,D r ,e) u] = [Hj-At^e^e-^^u. 
i dt dt 

By the Cook-Kuroda method we only need to show that 
\\[HJ-J d 4{t,D n Q)]e- lS{t ^ 6) uUeL}{\,oo). 



3 PROOF OF THEOREM ?? 



18 



We decompose 
d S 

[Hj-j—{t,D r ,e)\ 

= [PqJ-JPq] +V s J+ [V l J-JV l ] +J[P + V L (r) - -^(t,D r , 6)]. 

The fisrt three terms are essentially short range terms. It is easy to check 

|| [P J - JP ] + V S J + [V L J - JV L ]e- ,s{uD '- e) u\\^ e L\ (1 , oo). (29) 
We examine the last term: 

[Po + V L (r) ~ (d t S) (t, D r , 9)]e- ,s ^% 
= h'Xr,G 1 D r -^(t,D n e))e- iS ^% 

-h((d p s)(t 1 D n e),e 1 D n -^(t 1 D n e))e- lS ^% 



-^e- iS ^\d 9J d ek u) 
+ [ short range terms ]. 



We apply the stationary phase method to the first two terms. Then the first terms which appear 
in the asymptotic expansion will vanish since the relation 

(d p S)(t,p,0)=r 

gives the stationary point with respect to the p -variable. Therefore we obtain 

\\[Po + V\r)-(d t S)(t 1 D n e)}e-' s ^ D -%\\^eLj(\^). (30) 

We give a detailed proof of ( |29l and (1301) in the remaining of this section. □ 

First we consider the long-range term (1301) . The next proposition is our key estimate. 

Proposition 14. Assume the assumptions of Theorem^ Suppose u satisfies u G C^((M\ {0}) x 
Ux) and J x U is a neighborhood ofsupp u. Then we have 

d S dS dS 

| [h(r,9,D n -jQ(t,D n 9)) - ~h{j-{t,D r , 0), 9,D n - — (t,D n 0))] 

. e -is(t,D r ,e) u ^ e ^ < a 4-i- e (31) 
for (f , 6) E J x U m (0,oo) x dM, and 

| [h(r,9,D n -jo&Dr, 9)) - ~h(j-(t,D r , 0), 0,D r , Mr, 0))} 

■e- iS ^ D ^u(r,e)\ <CV(1 + 1^ + 1*1)-* (32) 
for any N and for (j, d) ^JxU. 
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Proof of (1301) . We fix a neighborhood J x U of suppw which appears in Proposition [14] Then 

^ ||7|[/*(r,0,D n -_ (t,D n 9))-h( — (t,D n e),e,D n - — (t,D r ,0))] 
e -is(t,D r ,e) u ^ dt 

= f(/ a |j(r)[%0,Z) r ,-||(^D r ,0)) 

71 VR+xdM <70 



h(^-(t,D r , 0), 0,D n -||(/,2> r , 0))] e - ! '^' e )«(r, 0) \ 2 drH(6)d6) *dt 

dS 



<J™{ljj(r)[h(r,0,D r ,-^(t,D r ,0)) 



- ~h(^(t,D r , 0), 0, A, -|| e))]e- lS ^ D >^u{r, 0) \ 2 drH(6)d6) * 
+ {j^ j \j(r)[h(r,0,D n -^(t,D n 0)) 

-h(^(t,D r , 0), 9,D n -^L(t,D n d))]e- lS{t - Dr ^u{ ri 0) \ 2 drH(d)d9) h -dt. 
By (I3TT) . the first term is finite: 

- Ii l cr *~ 1-e l 2 ' di? )* A - c / ' _1_£ ^ <°°- 

By (l32l) . the second term is also finite: 

/ (/ \j( r )[[h(r,e,D n - — (t,D n e))-h( — (t,D n 9),e,D n - — (t,D n e))} 
Jl Jt(jtj dv dp dd 

e -iS(t,D r ,e) u ^ ) \*drH{6)d6)^dt 



< 



' (/ C(H-|r| + |*|) _Ar dr)^ < oo 



Therefore 



\\J[V\ ri D n e)-V\^(D n ej),D n e)]e-' w ^ e '%\\^eLl(\^ 
dp 



In order to prove PropositiondU we prepare a lemma. 
Lemma 15. Let S(Y, p, 0) satisfy the properties listed in Theorem\T3\ Set 

f r ,e,t{p):=- t {rp-S{t,p,6)). 



□ 
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For p in any fixed compact subset of~R \ {0} and for large enough \t\, there exists a function 
EQj(r) which gives the critical point of f r .e,t(p) : 

dpf r ,e,t(P) = ^ p = S e ,,(r). 
Set Q-d := (—d,d). Then there exist < d < d and a function (j) n Qj G C^Q^M) such that 

¥r,e,t(y) :=S 0)f (r) + rj0)f (y), 

(f r ,d,t°¥r,e,t)(y) = f r ,eA z e,t( r )) + ( A r,e, t y,y)/2, 

where 

A n e,t = (dpf r ,e,t)(Ze,t( r ))i 
we have 

1^,6,(0)1 <Cr e (k>2), <9,v/,0, f (O) = l. (33) 

Proof. We only consider the t > and p > case. First we prove that Sg jf (r) is well-defined. 
Compute 

1 dS 

= d p f rM ,(p) =-[ r -—(t,p,e)] 
We note that by (1281) . 

|I0(,,p,e)-l|<cr« 

This implies that j is monotonously increasing with respect to p for large enough t. Thus 
there is a unique inverse function Se )( (r) such that 

(^ p /, e ,)(S e , f (r))=0 

for large enough £ and j G 7, a fixed compact subset of (0,°°). 
Now we construct n e ; ; and y/^.,. We set 

1 <9 2 S 

^,e, f f"e,t(ZoA r )) =-- j^( t ^e,t(r)i e )- 
Then ([281) implies that 

|A,e. f + l|<a- £ . 
Hence we have A r Q t — > — 1 uniformly for r/t E J. If we set 

Sr,e,/(P) :=/re,j( s e,f( r )+P)> 
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then 



gr,0,f(p) -gr.0,f(O) = (B r a*(p)p,p)/2, 



where 



B r ,eAP) '■= 2 f g r MA s P)( l ~ s ) ds i B r,eA°) = A r,e,t 

J 

by Taylor's formula. Now we compute 

\B,eAp)-A n eA = \B r ,oM -B r ,eA°)\ = 2 \ f\g"eA s P) ~g%,M)^ ~ s ) ds \ 

J 



<2 sup \g%A s P)~S%M 

Q<s<\ 



,1 d 2 S , „ , . . 1 d 2 S, „ , N 

<2 sup \--—( t ,Z e j(r)+sp,O)--^-~(t,Z Ar),e)\ 



0<.s<l 



< cr £ -> o 



as f — t- oo, uniformly for j , p G 7 by (1281) . Hence by taking t sufficiently large, we may assume 



\ B r ,eAP) 



1 1 < 1/2 is uniformly very small. For such t, j,and p, we set 



X r , 8 ,,(p):=./^.p. 
V A r,e,t 

Then we have 

g r ,eAP) ~gr,eA°) = ( A r,e,tX r ,eAP)^ x r,eAP))/ 2 - 
Now we compute 



v \ ( B r,eAp) y B t , e Ap) 1 



\J A r,e,t V ' V ^ r ' ' f 

(d p B r: e, t )(p) = 2j Q g';; e Asp)s(l- S )d S , 
\g'"eA s P)\ = \-](d 3 p S)(t,ZeA r )+sP>0)\<Ct 

\d p x r! eAp)-M<cr e . 



Hence for small enough do > and for |p| < do, we have \d p X r ^Ap) — 1| arbitrary small for 
all large enough f, and X r Q t : Clj — > X^A^do) is a C°°-diffeomorphism. We can pick d > 
such that, C X r: Qj(Q. c i ) for all r, 0, large enough t,j G 7. Let n e,f be the inverse map of 
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XrO t w i m domain Q.^. Then we can also pick d > such that £lj C <j> r et(Qd) for all r, 0, large 
enough j G 7. We note that 

gr,0,f °<$>r,8.t{y) -gr,6,t(°) = ( A r,0 ,t X r,9 ,t ° <t>r,6 ,t(y) ^ X r,9 ,t ° 0r,0 ,f60) A 

= (A r)8jf ;y,y)/2. 

We set 

=0r,e,f(y) + S e , f (r). 

Then we have 

fr,e,t o = f r ,e,t(^e,t( r )) + ( A r,e,o>, y)/2. 

Lastly, we prove the estimates d33l) . For k > 1, 

|e^ 0jf (p)| = 2| [ l g 2 + e %sp) S k (l -s)ds\ < 2sup|g2+J( sp )| 

«/ 

< 2 sup 1 1 <9 p 2+fc 5(r, S fl)t (r) + jp , 0) | < Cr e 
by d28]). We also have 

l^v / ^7(p)l<^ e . 

Therefore 

\d k p X r>e j{p)\<Cr e (*>2), \dpX rt6it (0)-l\ = Cr e , 
and we have 

\dy k Wr,eAy)\ = \^<t>r,eM<Cr £ (*>2), 

|^^,e, f (0) - 1| = |^Ae,/(0) - 1| < Cr £ . 
Then we complete the proof of Lemma [T5l 

□ 

Proof of Proposition [H First we prove (ED for j E J. We fix % e Cq(R) such that %{x) = 1 
if |*| < 5 5 an d %{x) = if |x| > 1. We split u into two terms depending on r, 0, and t: 

K,eAp^) = u(p,e) x { p ~y t{r) ), 
4,eAp,o) = n(p,e)[i- x ( p ~y {r) )] 

where we use notations defined in Lemma IT31 The support of u c r a is close to the critical point 

r, (7 ,r 

of rp — S(t, p, 0), while that of uf e t is apart from it. Note that 
supp^ j c Se, f (r) C Ran(^ r ,e,;)- 
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By a change of variables we have 

= 2i// ( f^' P ' 0)A ^ 

1 f d S d S 

■ ^,e, f (y) e''^ 6 '' (Se '' M V^'W^dy 
where J r ,e,t(y) = W r e t(y) \ 1S tne Jacobian. Since 

|D^(|^(r,p,0),0,p,-|^(r,p,0))|<a- £ , 
we have 

<9iS dS 
|D^(^(f,^ e!f (j),0), 0,^(7),- — (?,^(y),0))|<a- e , 

|/i(r, e, ^ e , f (y), -^(f, VHfl,r(y), 0)) I < cr e , 

l^,e/^e,r(j),0)l<C, 
\DJyJ rAt (y)\<C, 

for y G j G 7. Now we apply the stationary phase method (see Hormander [fTTI Section 7.7) 
to the integral. In the asymptotic expansion of 

[h(r, 6,D r , -|f Mr, 0)) - h&t,D n 0), 0, A, -||Mr, 6))] 

•e-^^ e )< 0J (r,0) 

1 f d S 

= 2n J ^ 01 ¥r > e ^ y ^ ~de^' Y'MW> 0)) 
d S dS 

~~ h ^ {tl 0), 0, ^,e, f (y), -^(^ v^bO, 0))]- 

the terms in which h is not differentiated will vanish since 
d S 

— (t, ¥rAt (0),9)=r. 

Especially, in the first step of the asymptotic expansion, we need to estimate only the remainder 
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terms. Therefore we have 

dS dS dS 

(\h(r,e,D r ,-—(t,D n e))-h(—(t,D r ,e),e,D r ,-—(t,D r ,e))] 



■e- iS ^ e V r ,e, t (r,e) 

) k \h(r f) 1/ZL/i Jv\ - 

d9 



i d S 

<Cr* _1 £ sup \\D k y [h(r, 0, \j/,,e,t(y),-^(t,Yr,9 Ay) ,^)) 

\k\<3 

dS dS 

-H^{t,¥r,9^(y),6),e,Yr,9^(y),--^{t,\lfr } 9^(y),0))]- 

K,9M r #,t{y)i e )- J r,9,t(y)\y 

We now consider , term. 

*(r, 6,D r , ~{t,D n 9))e- iS ^ D ^u% 4 {r, 9) 

2^V-oo JZ Bjt {r)+\d' 

Hjt{t, P , e), e, P , -^p,e))e ir P- iS ^% d r:6it (p, e)d P 

We consider integration over > Eg^r) + only (the other part is similar to prove). (128 
implies 

^/,e,/(p)<-C<0, 

|^/r,0, f (p)|<Cr £ , J>2 

in this region. Let y h-> h r ^j(y) be the inverse of p h-» f r ,e,t(p)- Then 

|^, , f (y)|<a- £ , j>2. 
By a change of the variables we obtain 

dS , _ „ 55 



/ *(^(f,p,e),o, P -^( ?! p,0)) e ^(p)^ (p,ey P | 

JS e ,,(r)+^rf Op OV 

ds_ 

dp 



\h' e Ay)\dy\ 



< cr N . 



We can show the same kind of estimations for 

h(r, 0,D n -||(?,D n 6))e- iS{ fPr^u d rfi t {r, 9). We have ended the proof of ([3D. 



3 PROOF OF THEOREM ?? 



25 



Now we show (1321) . (1281) implies that there exists J such that G / <s / for large enough 
/. Thus the absolute value of the derivative of 

p I—?- (rp — S(t,p, 0))/(\r\ + \t\) is bounded below for ~ ^ J, large enough f, and p G suppw. 
Thus we can apply the non- stationary phase method and obtain (l32l) . □ 



Proof of (1291) , partial isometry, and intertwining property. First we consider the 
short-range terms. On Mq, 

PqJ - JPq + V L J - JV L = 0{r-'^ r- l - £ )d r d e + 0(r-'^ r- 2 )dl 

+ Y,0(r-^r- l - £ )dJ. 



These terms can be treated as a short range perturbation of (1 — e) = fis type. Hence on Mo, 
PqJ - JPq + V L J - JV L + V s J is a finite sum of terms of the form Vj, a (r, G)r^' J ^~D J r dQ where 
Vj, a satisfy 



/ \v s ha {x)\ 2 (x)- M G{x)dx<~ 

J\ J(p,6)£jxU J ' 



r l J{p,6)eJxU 

for some neighborhood J x U of almost every (po, Oq) G M. x dM. We assume supp u CJ xU . 

We consider the differential operators with respect to 0-variable. dee~' s ( t - Dr,e ^ yields 
(dQS)(t,D r , 9) terms which increase as t l ~ e . Hence, as in the long-range case, the inequalities 
(1281) implies 

\Did2e-' s{t ' D >^u(r,e)\ = ^-\ [ o > e a [ e '^- 5 ( f '^ e ))p^(p,0)]Jp|<a-^ + l a l( 1 - £ ) (34) 
for ([,0) EJxU, and 

|^'«9« e -' s ^ e ) M (r,0)| <Cjv(1 + |/-| + (35) 
for any N for (j, Q) £ J xU . Thus we obtain for such v/ iCe 

||v;. a (r,0)r- n 2 i D/^ e -'^^ e ) M ||^GL f 1 (l,oo), 
which proves 

|| ( [PoJ - JP f ] + V s J + [V L J - JV L ] ) e- iS ^' Dr ' e MU e L) (1 , oo) . 

We have proved the existence of the modified wave operators. 

(TJTI) . (1321) . (1341) . and (1331) also show that W± are partial isometries from ffif into J^. 
The intertwining property follows from 

s-lim( e - !5 ( r+ ^ D '- ) - = o (36) 

which can be proved using d28l) and the dominated convergence theorem. The proof of the 
theorem is complete. □ 
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